In this study we investigate the HIV/AIDS epidemic in a population which experiences a significant flow of immigrants. We derive and analyze a mathematical model that describes the dynamics of HIV infection among the immigrant youths and how parental care can minimize or prevent the spread of the disease in the population. We analyze the model with both screening control and parental care, then investigate its stability and sensitivity behavior. We also conduct both qualitative and quantitative analyses. It is observed that in the absence of infected youths, diseasefree equilibrium is achievable and is globally asymptotically stable. We establish optimal strategies for the control of the disease with screening and parental care, and provide numerical simulations to illustrate the analytic results.
Introduction
It is estimated that HIV spreads at the rate of 7000 people per day worldwide. It has killed more than 30 million people in the last 30 years [19] . Apart from inducing unbearable illness that kills people prematurely, HIV devastates families and communities. The epidemic continues to increase in numbers, most rapidly in Africa and Asia where availability of antiretroviral therapy and health care is seriously inadequate. It also spreads among the youths and teenagers which thus poses an extraordinary risk to life expectancy. There is no established vaccine yet for HIV/AIDS and it is not likely that any highly effective one will soon be available despite all the vigorous studies on vaccination and treatment of the disease.
Mathematical models of transmission dynamics of HIV have been used extensively as a means of informing control strategies, or at least their impact, since they provide short and long term prediction of HIV and AIDS incidence. From the initial models of May and Anderson [2, 3, 11] , several modifications have been introduced for studying the extent to which certain factors can play a role in the increase or decrease of HIV prevalence. An investigation on the potential effects and bene-fits of educational campaigns on HIV/AIDS transmission dynamics is undertaken in [5, 16, 18] and other papers. Other papers study the effect of condom use [7] , and other factors impacting on HIV. However, the authors are not aware of mathematical models in the literature that include the effect of parental care and its optimal control. This paper is an attempt towards filling this gap. A very handy reference on application of optimal control theory to epidemiology is the book of Lenhart and Workman [10] . There are numerous studies on epidemiological models where optimal control methods were applied.
It has been pointed out that parental care has a substantial effect on the spread of AIDS among the youths. Parental care means bringing up a child in a decent manner, providing for their moral, material, financial needs and giving them quality education. Parental care also involves providing children with sex education and introducing them to the available health educational campaigns where they can learn about transmission of different diseases and how they can be protected. Research clearly shows that a child, who lacks adequate parental instruction, stands at risk of recalcitrance. A certain study [8] on 94,000 cases of child delinquent behavior reveals that about 80% of such cases stem from children in households with poor parental care and counseling.
Our objective is to show how parental care could reduce the spread of HIV/AIDS among the youth. In Sec. 2 of this paper we present the HIV model. The proof of global stability of the disease-free equilibrium follows in Sec. 3. In Sec. 4 we present a discussion of the endemic equilibrium point. The sensitivity analysis of the basic reproduction ratio is presented in Sec. 5. In Sec. 6 we present the optimal control problem together with its solution. Numerical results and analysis of the control problem appears in Sec. 7, while Sec. 8 offers some concluding remarks.
HIV/AIDS Model Formulation
We propose a model which is depicted in the flow diagram below. The total population at time t, denoted by N (t) is sub-divided into sub-populations of susceptible individuals (S(t)), individuals newly infected with HIV (I(t)), individuals with HIV but not yet developed to AIDS (H(t)), and individuals with AIDS (A(t)). The population size is N (t) and https://repository.uwc.ac.za/ We further assume that parental care involves all efforts and activities taken by parents to prevent their children from contracting HIV. The resulting system of equations is shown below:
To make a model to be closer to the real life, we assume that all other classes of individuals except susceptible are infectious and that the number of infectious individuals, that is, the sum I
(t) + H(t) + A(t), is less than the number of susceptible, S(t).
https://repository.uwc.ac.za/ https://repository.uwc.ac.za/ 3.2. Global stability of disease-free equilibrium E 0 We prove global stability of the DFE subject to a certain condition that µ + σ < 1, which is quite reasonable anyway. Theorem 3.3. Suppose that in model (2.1), we take ρ = 0 and assume that µ+σ < 1. Then the equilibrium point E 0 is globally asymptotically stable when R 0 < 1.
Proof. In order to construct a Lyapunov function, we introduce the following positive constants x and y. Let
Now we define V (t) to be the function In what follows we prove that V˙ (t) is a negative-definite function in the variable (I(t), H(t), A(t)). First we note that V (t) can be expressed in the form
where the coefficients Q I , Q H and Q A are as follows:
We also note that S < K. Now we prove that the coefficients Q I , Q H and Q A are negative. First we note that with M = K(1 − u 2 ), we obtain https://repository.uwc.ac.za/ 
Existence of Endemic Equilibrium
In search of an endemic equilibrium point, we arrive at the following point E 1 :
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The number λ is as defined earlier, in the system of Eqs. This shows that for ρ close to zero, the model has a threshold R 0 = 1. For ρ > 0, the disease remains endemic, so system (2.1) has one endemic equilibrium point for all parameter values for which the disease will always persist in the population. If R 0 < 1 as ρ → 0, then the endemic equilibrium tends to the disease-free equilibrium. Otherwise if R 0 > 1 as ρ → 0, then the model has a unique endemic equilibrium.
Sensitivity Analysis of R 0
We carry out sensitivity analysis to investigate the robustness of the basic reproductive number R 0 to the parameters. This will help us to identify the parameters that have high impact on the diseases transmission, that is, on the reproductive number. One way to derive a sensitivity index is by using partial derivatives when the variable is a differentiable function of the parameter.
Definition. The normalized forward sensitivity index of a variable, m, that depends differentiably on a parameter, n, is defined as:
We derive the sensitivity of R 0 to each of the parameters described in Table 1 . The sensitivity index is shown below for the parameter σ.
The indices with respect to the other model parameters can be calculated similarly. We omit the detail.
https://repository.uwc.ac.za/ Parameter values. In Table 1 [4, 12, 13] for instance. Parameters are also arranged from the most sensitive to the least. The most sensitive parameters are the number of partners with AIDS individuals (c 3 ) and transmission probability of getting AIDS (β 3 ). The least is the progression rate from HIV to AIDS (σ).
The sensitivity index of R 0 with respect to the transmission probability of get-ting AIDS (β 3 ) is +0.795, implying that decreasing (or increasing) the β 3 by 1%, increases R 0 by approximately 0.8%. Similarly increasing (or decreasing) the natural death rate (µ) by 1%, decreases the R 0 by approximately 0.7%.
For all the parameters, the sign of the sensitivity indices of R 0 agrees with the intuitive expectation as to whether R 0 increases or decreases when the parameters increases.
Optimal Control Analysis
In this section we regard the entities u 1 and u 2 as functions u 1 (t) and u 2 (t) of time, since they are the very controls in question. Recall that u 1 and u 2 are related to screening and parental care respectively. Then we apply optimal control method to determine the necessary conditions for the control of HIV/AIDS. In order to investigate the optimal level of parental effort that would be needed to control the disease, we propose an objective function J minimized:
Here Q 0 , Q 1 , Q 2 , Q 3 , Q 4 are positive weights, and we choose quadratic cost on the controls, which is similar to other literature on epidemic controls [1, 9, 10] . With the given objective function J (u 1 , u 2 ), our goal is to minimize the numbers in the infected classes, each https://repository.uwc.ac.za/
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This completes the proof.
Due to the boundedness of the state system, adjoint system and the resulting Lipschitz structure of the ODEs, we obtain the uniqueness of the optimal control for small τ . Uniqueness of the optimal control follows from the uniqueness of the optimality system, which consists of (6.1) and (6.2) with characterization (6.3).
Numerical Results and Discussion
In this section we present some numerical solution to the control problem. An iterative scheme is used for solving the optimality system. Using a fourth-order Runge-Kutta scheme, we start off with a guess for the control over the simulated time. Because of the transversality conditions (6.5), the adjoint equations are solved by a backward fourthorder Runge-Kutta scheme using the current iterations as solutions of the state equation. Then the controls are updated by using a convex combination of the previous controls and the value from the characterizations (6.6). This process is repeated and iteration stopped if the values of the unknowns at the previous iterations are very close to the ones at the present iterations, see [10] .
We examine our deterministic model and study the effects of screening control (u 1 ) and parental care (u 2 ) on each of the classes. We also investigate numerically the effect of the different optimal control strategies (labeled A, B and C below) on the spread of HIV/AIDS among the youths.
We assume that the weight factor Q 4 , associated with control u 2 is greater than Q 3 which is associated with u 1 . This assumption is based on the fact that the cost associated with u 1 will include the cost of screening and surveillance, while those associated with u 2 will include education, hospitalization, medical testing and so on. We also assumed that I-compartment individuals have more partners than those in H and A since they are much elss active. We choose the set of weight factors Q 0 = 1, Q 1 = 0.5, Q 2 = 0.3, Q 3 = 0.4 and initial values S(0) = 85,000, I(0) = 10,000, H(0) = 5000, A(0) = 0. The parameter values used for simulations are as in Table 1 with K = 100,000, β 1 = 0.00000034, β 2 = 0.00000023 and β 3 = 0.00000015. Thus, we illustrate the effect of different optimal control strategies on the spread of HIV/AIDS among the youths.
Strategy A: Optimal use of screening control (u 1 ) and parental care (u 2 ) on individuals. The screening control (u 1 ) and parental care (u 2 ) are used to optimize the objective function J . We observe in Fig. 2(a) that due to control strategies, the number of infected individuals I decreases to zero at time t = 30 while the population of infectious reduces to zero at t = 70 when there is no control. In Fig. 2(b) , the number of HIV individuals first increases from initial 5000 to almost 8000 but later https://repository.uwc.ac.za/ 13 decreases to zero at t = 70 when there is control. It rapidly increases to more than 11,000 before reducing to 200 at t = 80 when there is no control. AIDS individuals in Fig. 2(c) increases from initially 0 to 1000 and decreases back to zero at t = 80, Fig. 2 . Simulations of HIV/AIDS model showing the effect of optimal control strategies using screening control and parental care on individuals.
https://repository.uwc.ac.za/ Here, only screening control u 1 is used to optimize the objective function J while we set the parental care (u 2 ) to zero. We observe a minor difference between the controlled and uncontrolled cases. It is also noted that there is a rapid increase in population of HIV individuals and AIDS individuals in Figs. 3(b) and 3(c) respectively.
Strategy C: The use of only parental care (u 2 ) on individuals. Simulations here are similar to that of strategy A with only slight differences. Only the parental care (u ) is used to optimize the objective function J while screening control (u 1 ) is set to zero. We observe in Fig. 4 (a) that due to control strategies, the number of infected individuals I decreases to zero at approximately time t = 48. In the uncontrolled case I approaches zero at t = 68. Similarly in Fig. 4(b) , the number of HIV individuals also increases to 8500 from an initial 5000 but later decreases to zero at t = 73 when there is parental care. However, H rapidly increases to 11,000 when there is no control, and reduces to reach 300 when t = 80. AIDS individuals in Fig. 4(c) increases from initial 0 to approximately 1200 and decreases to 1 at t = 80 when there is parental care, but goes over 1500 and later reduces to 50 at t = 80 when there is no parental care.
Simulations from strategy A, B and C show that parental care (u 2 ) is more effective than screening control (u 1 ) in controlling HIV/AIDS, but a combination of both controls as in strategy A gives the best result.
Conclusion
In this study, we proposed a deterministic population model of HIV/AIDS for studying the effect of parental care when we have infected immigrant youths. We analysed the model for https://repository.uwc.ac.za/ the existence of disease-free and endemic equilibrium points, and we found the model to exhibit good stability properties. In particular, the model does not have a disease-free equilibrium in the presence of immigration of infected youths. However, in the case of no recruitment of infectives, the disease-free equilibrium is globally asymptotically stable while R 0 < 1. The sensitivity analysis, with the given parameter values, shows that the two most sensitive parameters are the number of contacts with AIDS individuals (c 3 ), and the transmission probability of getting AIDS (β 3 ). This type of information is useful when planning for intervention.
We derived and analyzed the conditions for optimal control of the disease with screening control and parental care on youths. The control profile revealed that maximum effort is required on screening control through the intervention, while parental care can be relaxed after a period of time. We further found that if there is effective parental care or control over the youths, then infected immigrants do not have a strong impact on the disease transmission. We identified the combination of screening of immigrants and parental care that gives the most efficient results in controlling the spread of HIV/AIDS. The adjoint variables reveal that the cost implications on susceptible and AIDS individuals are much less than on infected and HIV individuals. Therefore control programs that follow these strategies will optimally reduce the spread of HIV/AIDS.
Research [4] of Ayankogbe et al., for instance, shows that AIDS prevention campaigns should be based on a diverse basket of intervention types rather than being focused on just one type of intervention. There is a need for models to consider factors such as culture and religion and the extent to which they may be utilized to reduce the spread of HIV/AIDS. Proper consideration of these and other factors will provide a better understanding of the population dynamics of the disease and its control.
